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Abstract. A sequence p = (p„) of real numbers is called Abel convergent to 
t if the series S^gPfex''' is convergent for < x < 1 and 

oo 

lim (1 - 2^) Pk^^ = 
"^1" fc=0 

We introduce a concept of Abel continuity in the sense that a function / defined 
on a subset of R, the set of real numbers, is Abel continuous if it preserves Abel 
convergent sequences, i.e. (/(pn)) is an Abel convergent sequence whenever 
(pn) is. A new type of compactness, namely Abel sequential compactness is 
also introduced, and interesting theorems related to this kind of compactnes, 
Abel continuity, statistical continuity, lacunary statistical continuity, ordinary 
continuity, and uniform continuity are obtained. 



1. Introduction 

The concept of continuity and any concept involving continuity play very im- 
portant role not only in pure mathematics but also in other branches of sciences 
involving mathematics especially in computer sciences, information theory, and dy- 
namical systems. 

It is well known that a real function / is continuous if and only if {f{pn)) is 
convergent whenever (p„) is, and a subset E' of 5ft is compact if any sequence (p„) 
of points in E has a convergent subsequence whose limit is in E where 5ft is the set 
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of real numbers. Combining this idea with Abel convergent sequences we introduce 
new concepts, namely, Abel continuity, and Abel sequential compactness. 

The purpose of this paper is to study the concept of Abel continuity for real 
functions and show that this kind of continuity implies ordinary continuity, and 
present theorems related to this type of continuity, some other types of continuities, 
namely, uniform continuity, statistical continuity, lacunary statistical continuity as 
well as theorems related to sequences of functions, and closedness of the set of Abel 
continuous functions. We also investigate a type of compactness and prove some 
new results related to this kind of compactness. 

2. Preliminaries 

Throughout this paper, 3? will denote the set of real numbers. We will use 
boldface letters p, r, w, ... for sequences p = (pn), r = (r„), w = ... 
of points in 3?. c will denote the set of convergent sequences of points in 3ft. A 
sequence p={pk) of points in 3? is called statistically convergent [1] (see also [2], 
and [3]) to an element ^ of 3? if 

lim -\{k<n:\pk-i\>s}\ = 0, 

for every £ > 0, and this is denoted by st — limp„ = £. 

A sequence (pk) of points in 3? is called lacunarily statistically convergent ([4]) to 
an element ^ of 3ft if 

lim ^\{kelr : \pk - i\ > e}\ = 0, 

1 — >-oo tlr 

for every £ > where Ir = {kr-i, kr], and ko = 0, hr : kr — fcr-i — >■ oo as r — >^ oo 
and 6 = (kr) is an increasing sequence of positive integers, and this is denoted 
by 8$ — liuin^ooPn = ^ (see also [5]). Throughout this paper we assume that 
liminfj. > 1. 

Kr—1 

A sequence p = (p„) of points in 3ft is slowly oscillating [6] (See also [7], [8], and 
[9]), denoted by p G SO, if 

lim lim max \pk — Pn\ = 0, 

A^-l+ n n+l<fc<[An] 

where [An] denotes the integer part of An. This is equivalent to the following: 
Pm — Pn ^ whenever 1 < — 1 asm,n— >^oo. In terms of s and 6, this is also 
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equivalent to the case when for any given e > 0, there exist S = 6{e) > and a 
positive integer N = N{e) such that \pm—Pn\ < £ if n > N{e) and n < m < {l+6)n. 

By a method of sequential convergence, or briefly a method, we mean a linear 
function G defined on a linear subspace of s, denoted by cq, into K. A sequence 
p={Pn) is said to be G-convergent [10] to £ if pe cg, and G(p) = i- In particular, 
lim denotes the limit function lim p = lim„ Pn on the linear space c. A method G is 
called regular if every convergent sequence p={pn) is G-convergent with G(p)=lim 
p. A method G is called subsequential if whenever p is G-convergent with G(p)=£, 
then there is a subsequence (pn^) of p with lim^pn^^ = £. A function / is called 
G-continuous (see also [11], and [12]) if G(f(p))=f(G(p)) for any G-convergent se- 
quence p. Here we note that for special G = st — lim, / is called statistically 
continuous [13]. For real and complex number sequences, we note that the most 
important transformation class is the class of matrix methods. For more informa- 
tion for classical, and modern summability methods see [14] . 

A sequence p = (p„) of real numbers is called Abel convergent (or Abel summa- 
ble) to i if the series E^gPfcx'' is convergent for < x < 1 and 



In this case we write Abel — lim pn = i. The set of Abel convergent sequences will 
be denoted by A. Abel proved that if lim„^ooPn = ^, then Abel — limp„ = I, i.e. 
every convergent sequence is Abel convergent to the same limit ([15], see also [16], 
and [17]). As it is known that the converse is not always true in general, as we see 
that the sequence ((—1)") is Abel convergent to but convergent in the ordinary 
sense. 



We now give the concept of Abel continuity. 

Definition 1. A function / is called Abel continuous, denoted by fG AC, if it 
transforms Abel convergent sequences to Abel convergent sequences, i.e. {f{Pn)) is 
Abel convergent to /(£) whenever (p„) is Abel convergent to £. 

We note that this definition of continuity can not be obtained by any A-continuity, 
i.e. by any summability matrix A. We also note that sum of two Abel continuous 



oo 
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functions is Abel continuous, and composite of two Abel continuous functions is 
Abel continuous but the product of two Abel continuous functions need not be 
Abel continuous as it can be seen by considering product of the Abel continuous 
function f[t) = t with itself. 

We note that G defined by G(p) = Ahel — limp is a sequential method in the 
manner of [11], but subsequential, so the theorems involving subsequentiality in 
[11] cannot be applied to Abel sequential method. 

In connection with Abel convergent sequences and convergent sequences the 
problem arises to investigate the following types of continuity of functions on 5R. 

(A): (p„) G A ^ (/(p„)) e A 

(Ac): (p„) e A ^ (./(p„)) e c 

(c): (pn) ec^{f{pn)) Gc 

{cA): (j>n) e c ^ ifiPn)) e A 
We see that A is Abel continuity of /, and (c) states the ordinary continuity of 
/. We easily see that (c) implies (cA), (A) implies (cA), and (Ac) implies (A). The 
converses are not always true as the identity function could be taken as a counter 
example for all the cases. 

We note that (c) can be replaced by cither statistical continuity, i.e. st — 
lim/(p„) = f{£) whenever p = is a statistically convergent sequence with 
st — limp„ = £, or lacunary statistical continuity, i.e. So — lim„_,.oo f{Pn) = f{() 
whenever p = (p„) is a lacunary statistically convergent sequence with 5*0 — 
lim„^ooP„ = £. More generally (c) can be replaced by G-sequential continuity 
of / for any regular subsequential method G. 

Now we give the implication [A) implies (c), i.e. any Abel continuous function 
is continuous in the ordinary sense. 

Theorem 1 If a function / is Abel continuous on a subset E of 3i, then it is contin- 
uous on E in the ordinary sense. 

Proof. Suppose that a function / is not continuous on E. Then there exists a 
sequence with lim„_>.ooPn = (. such that {f{Pn)) is not convergent to f{t). 
If {f{Pn)) exists, and lim/(p„) is different from f{(.) then we easily see a con- 
tradiction. Now suppose that {f{Pn)) has two subsequences of f{pn) such that 
Ymim^oo f{Pkm) = and \mik^^ f{Pnk) = -^2- Since {pn^) is subsequence of (jj„). 



ABEL CONTINUITY 5 

by hypothesis, hnife^oc f{Pn^) = f{t-) and {pk^) is a subsequence of (pn), by liypoth- 
esis hnim-s-oo fipk^) — /(^)- This is a eontradiction. If {f{pn)) is unbounded above. 
Then we can find an ni such that fiPm) > 2^. There exists a positive integer an 
n2 > ni such that fiPn^) > 2'^- Suppose that we have chosen an nk-i > nfe-2 such 
that f{Pnk-i) > Then we can choose an > Uk-i such that f{pnk) > 2'^. In- 

ductively we can construct asubsequence (/(pnt)) of {f{pn)) such that f{Pnk) > 2*^- 
Since the sequence {puk) is a subsequence of (pn), the subsequence {pn^) is con- 
vergent so is Abel convergent. But {f{pnk)) is not Abel convergent as we see line 
below. For each positive integer k we have f{pnk)x'^ > '^x^ ■ The series X^feLo '^^^ 
is divergent for any x satisfying i < a; < 1, so is the series fiPrik )-^''- This 

is a contradiction to the Abel convergence of the sequence {f{pnk))- If ifiPn)) is 
unbounded below, similarly '}Z^=o f {Pk) ■x'^ is found to be divergent. The contra- 
diction for all possible cases to the Abel continuity of / completes the proof of the 
theorem. □ 

The converse is not always true for the bounded function f{t) — defined on 
K is an example. The function is another example which is unbounded on K as 
well. 

On the other hand not all uniformly continuous functions are Abel continuous. 
For example the function defined by f{t) = is uniformly continuous, but Abel 
continuous. 

Corollary 2 If f is Abel continuous, then it is statistically continuous. 

Proof. The proof follows from Theorem 1 above, and Corollary 4 in [3]. □ 

Corollary 3 If f is Abel continuous, then it is lacunarily statistically sequentially 
continuous. 

Proof. The proof follows from Theorem 1 above, and Corollary 7 in [5]. □ 
Now we have the following result. 

Corollary 4 If is slowly oscillating, Abel convergent, and / is an Abel continuous 
function, then {f{Pn)) is a convergent sequence. 

Corollary 5 For any regular subsequential method G, any Abel continuous function 
is G-continuous. 

For bounded functions we have the following result. 
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Theorem 6 Any bounded Abel continuous function is Cesaro continuous. 

Proof. Let / be a bounded Abel continuous function. Now we are going to obtain 
that / is Cesaro continuous. To do this take any Cesaro convergent sequence 
with Cesaro limit t. Since any Cesaro convergent sequence is Abel convergent to the 
same value [18] (see also [19]) (p„) is also Abel convergent to By the assumption 
that / is Abel continuous, {f{Pn)) is Abel convergent to f{t). By the boundedness 
of /, {f{pn)) is bounded. By Corollary to Karamata's Hauptsatz on page 108 in 
[16], {f{Pn)) is Cesaro convergent to f{t). Thus / is Cesaro continuous at the point 
L Hence / is continuous at any point in the domain. 



It is well known that uniform limit of a sequence of continuous functions is 
continuous. This is also true for Abel continuity, i.e. uniform limit of a sequence 
of Abel continuous functions is Abel continuous. 

Theorem 8 If (/„) is a sequence of Abel continuous functions defined on a subset 
E of 3? and (/„) is uniformly convergent to a function /, then / is Abel continuous 
on E. 

Proof. Let (p„) be an Abel convergent sequence of real numbers in E. Write Abel — 
limp„ = L Take any e > 0. Since (/„) is uniformly convergent to f, there exists a 
positive integer N such that 



□ 



Corollary 7 Any bounded Abel continuous function is linear. 



Proof. The proof follows from the preceding theorem, and the theorem on page 73 
in [20]. □ 



l/n(i)-/(i)l<£/3 



(3.1) 



for all t G whenever n > N. Hence 



oo 




(3.2) 



As /at is Abel continuous, then there exist aJ>Oforl — ^<a;<l such that 



oo 




(3.3) 



fe=o 
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Now for 1 - (5 < x < 1, it follows from (3.1), (3.2), and (3.3) that 

CO OO 

\{i-x) Y^ifiPk) - fmx" \<\ (1 - x) Y^uiPk) - fN{Pk))x' 



fe=0 fe=0 



+ 1 (1 - x) j2(MPk)) - fN{i))x' I + 1(1 - x) j2ifNW - 

fe=0 fe=0 

e e e 
<3 + 3 + 3=^- 

This completes the proof of the theorem. □ 

In the following theorem we prove that the set of Abel continuous functions is a 
closed subset of the space of continuous functions. 

Theorem 9 The set of Abel continuous functions on a subset of 3? is a closed 



subset of the set of all continuous functions on E, i.e. AC{E) = AC{E), where 



AC{E) is the set of all Abel continuous functions on E, AC{E) denotes the set of 
all cluster points of AC{E). 

Proof. Let f be any element in the closure of AC{E). Then there exists a sequence 
ifn) of points in AC(E) such that lim„^oo fn = /• To show that f is Abel contin- 
uous, take any Abel convergent sequence (p„) of points E with Abel limit £. Let 
e > 0. Since (/„) is convergent to /, there exists a positive integer N such that 

\fn{t)-f{t)\<e/6 

for all t G E whenever n > N. Write 

M = max{|/(^) - /^(^)|, |/(pi) - fN{pi)\, \f{pN-i) - fN{PN-i)\}, 

and ^1 = Q(^N+i){M+i) ■ Then we obtain that for any x satisfying 1 — Ji < a; < 1 

\{^-x)Y.k=,U{Pk)-fN{Pk))x^\ 

< 1(1 - X) Ek^oifiPk) - fN{Pk))x''\ + 1(1 - X) EZNifiPk) - fN{Pk))x''\ 

< (1 - x)MN + 1(1 - x) EZNifiPk) - fN{Pk))x''\ < I + I = |. 

As /at is Abel continuous, then there exists a ^2 > such that for 1 — 62 < x < 1 

00 

\{l-a:)Y,{fN{Pk)-fN{i))x''\<'-. 
Let 6 = min{^i, ^2}- Now for 1 — 5 < a; < 1, we have 
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\{^-^)i:zj{pk)x^-fm 

oo oo 

<\ (1 - X) Y^ifiPk) - fN{pk))x'' \ + Y^ifNipk)) - fN{t))x^ I 

fe=0 /c=0 
oo 

fc=0 

e e e 

This completes the proof of the theorem. □ 

Corollary 10 The set of all Abel continuous functions on a subset of is a 
complete subspace of the space of all continuous functions on E. 

Proof. The proof follows from the preceding theorem, and the fact that the set of 
all continuous functions on E is complete. □ 

Now we can give definition of Abel compactness of a subset of 5R. 

Definition 2. A subset F of SR is called Abel sequentially compact if whenever 
P = (Pn) is a sequence of point in F, there is an Abel convergent subsequence 
r = (rfc) = (r„ J of p with lim^_>i- (1 - x) Y!k=o '^kx'^ ^ ^■ 

Definition 3. A real number £ is said to be in the Abel sequentially closure of a 
subset F of 5R, denoted by F if there is a sequence p = (pn) of points in F such 
that Abel — limpn = and it is called Abel sequentially closed if = F. 
It IS clear that cp =0 and K = JK. it is easily seen that r C r C r 

■ ■ /"FI^'x^'x -fzAbel . ,-, — ; — 7T^°'^'\ 

it is not always true that 'yb ) = b ; for example, ({— ) ^ 

Abel 



{-1.1} 

We note that any Abel sequentially closed subset of Abel sequentially compact 
subset of SR is also Abel sequentially compact. Thus intersection of two Abel sequen- 
tially compact, Abel sequentially closed subsets of 3? is Abel sequentially compact. 
In general, any intersection of Abel sequentially compact, Abel sequentially closed 
subsets of SR is Abel sequentially compact. A subset of an Abel sequentially com- 
pact subset need not to be Abel sequentially compact. For example the interval 
] — 1, 1], i.e. the set of real numbers strictly greater than —1, and less than or equal 
to 1, is a subset of Abel sequentially compact subset [—1,1], i.e. the set of real 
numbers greater than or equal to —1, and less than or equal to 1, but sequentially 
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Abel compact. Notice that union of two Abel sequentially compact subsets of 3? is 
Abel sequentially compact. We see that any finite union of Abel sequentially com- 
pact subsets of K is Abel sequentially compact, but any union of Abel sequentially 
compact subsets of 3? is not always Abel sequentially compact. 
Theorem 11 Abel continuous image of any Abel sequentially compact subset of 5ft 
is Abel sequentially compact. 

Proof. Although the proof follows from Theorem 7 in [11], we give a short proof for 
completeness. Let / be any Abel continuous function defined on a subset E of'^ 
and F be any Abel sequentially compact subset of E. Take any sequence w = (w„) 
of point in f{F). Write w„ = f{pn) for each positive integer n. Since F is Abel 
sequentially compact, there exists a Abel convergent subsequence r = (rfc) of the 
sequence p. Write Abel — limr = I. Since / is Abel continuous Abel — limf{r) = 
f{i). Thus /(r) = {f{rk)) is Abel convergent to f{t} and a subsequence of the 
sequence w. This completes the proof. □ 

Theorem 12 If a function / is Abel continuous on a subset E of Sft, then 

f(A''''')^UWf'' 

for every subset Aoi E. 

Proof. The proof follows from the regularity of Abel method, and Theorem 8 on 
page 316 of [12]. □ 

Theorem 13 For any regular subsequential method G, if a subset of Sft is G- 
sequentially compact, then it is Abel sequentially compact. 

Proof. The proof can be obtained by noticing the regularity and subsequentiality 
of G ([11] see Qakalli for the detail of G-sequential compactness). □ 

Corollary 14 Any compact subset of J? is Abel sequentially compact. 

Proof. Writing G = limp, and applying the preceding theorem we get the proof. 

□ 



Corollary 15 Any Abel sequentially closed subset of an Abel compact sequentially 
subset of 5ft is Abel sequentially compact. 
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Proof. Writing G(p) = Abel — limp, and applying Theorem 1 on page 597 in [11] 
we get the proof. □ 

Theorem 16 Any Abel sequentially compact subset of 3? is bounded. 

Proof. Suppose that E is unbounded so that we can construct a sequence p = (p„) 
of points in E such that p„ > 2", and Pn > Pn-i for each positive integer n. It 
is easily seen that the sequence p has no Abel convergent subsequence. If it is 
unbounded below, then similarly we construct a sequence of points in E which has 
no Abel convergent subsequence. Hence E is not Abel sequentially compact. This 
contradiction completes the proof of the theorem. □ 

We note that the converse of this theorem is not always true as it can be seen 
by considering any open subset of 3?. 

Corollary 17 Any Abel sequentially compact subset of 5? is slowly oscillating com- 
pact. 

Proof. The proof follows from Theorem 16. □ 

Corollary 18 Any Abel sequentially compact subset of SR is A-slowly oscillating 
compact. 

Proof. The proof follows from Theorem 16, and Corollary 17. □ 

Corollary 19 Any Abel sequentially compact subset of 3? is ward compact. 

Proof. The proof follows from Theorem 16 (see [21], and [22] for the definition of 
ward compactness) □ 

Corollary 20 Any Abel sequentially compact subset of 3? is (5-ward compact. 

Proof. The proof follows from Theorem 16 (see [23] for the definition of ^-ward 
compactness. □ 

4. Conclusion 



In this paper we introduce a concept of Abel continuity, and a concept of Abel 
sequential compactness, and present theorems related to this kind of sequential 
continuity, this kind of sequential compactness, continuity, statistical continuity. 
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lacunary statistical continuity, and uniform continuity. One may expect this inves- 
tigation to be a useful tool in the field of analysis in modeling various problems 
occurring in many areas of science, dynamical systems, computer science, informa- 
tion theory, and biological science. On the other hand, we suggest to introduce 
a concept of fuzzy Abel sequential compactness, and investigate fuzzy Abel conti- 
nuity for fuzzy functions (see [24] for the definitions and related concepts in fuzzy 
setting). However due to the change in settings, the definitions and methods of 
proofs will not always be the same. We also suggest to investigate a theory in dy- 
namical systems by introducing the following concept: two dynamical systems are 
called Abel-conjugate if there is one to one, onto, h, and are Abel continuous, 
and h commutes the mappings at each point. 
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